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Abstract
A Lorentz-invariant cosmological model is constructed within the framework
of five-dimensional gravity. The five-dimensional theorem which is analog-
ical to the generalized Birkhoff theorem is proved, that corresponds to the
Kaluza’s “cylinder condition”. The five-dimensional vacuum Einstein equa-
tions have an integral of motion corresponding to this symmetry, the integral
of motion is similar to the mass function in general relativity (GR). Space
closure with respect to the extra dimensionality follows from the requirement
of the absence of a conical singularity. Thus, the Kaluza-Klein (KK) model is
realized dynamically as a Lorentz-invariant mode of five-dimensional general
relativity. After the dimensional reduction and conformal mapping the model
is reduced to the GR configuration. It contains a scalar field with a van-
ishing conformally invariant energy-momentum tensor on the flat space-time
background. This zero mode can be interpreted as a vacuum configuration in
GR. As a result the vacuum-like configuration in GR can be considered as a
manifestation of the Lorentz-invariant empty five-dimensional space.
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I. INTRODUCTION
The data of the observation astronomy and cosmology indicate the existence of new forms
of matter in the Universe such as “dark matter” and “dark energy” (for a review see [1]). One
of the candidates for the dark energy role is vacuum. It is associated with a non-vanishing
cosmological constant (see [2], [3], [4], and references therein). The vacuum is defined as a
Lorentz invariant state of physical medium in space-time V (4) [5], [6], [7]. This concept has
become a basis for the popular model of inflation in the early Universe [8], [9], [10]. Here
the vacuum configuration is a cosmological model with the metric admitting the Lorentz
group as the isometry group. The gravitational field is generated by the Lorentz-invariant
“vacuum-like” energy-momentum tensor
T µν =
Λ
8πG
δµν (1.1)
where G is the Newtonian gravitational constant, Λ is the cosmological constant. The
vacuum density is determined by this constant: ρv = Λ/8πG (c = 1).
Let the Lorentz group L = O(1, 3) act on the coordinates xµ (µ , ν = 0, 1, 2, 3) of space-
time V (4) in the following way
x˜µ = Lµ˜νx
ν . (1.2)
Moreover, ηµ˜ν˜ = L
α
µ˜L
β
ν˜ηαβ , L
α
µ˜L
µ˜
β = δ
α
β , L
α
ν˜L
µ˜
α = δ
µ˜
ν˜ where ηµν , ηµ˜ν˜ are Minkowski metrics.
The invariance condition V (4) with respect to the Lorentz group leads to the conformally
flat space with the metric
(4)ds2 = gµνdx
µdxν = ψ2(ζ)ηµνdx
µdxν (1.3)
where
ζ = ηµνx
µxν . (1.4)
The Weyl tensor vanishes for the metric (1.3). This leads to the curvature tensor
(4)Rµ ν ρ σ =
(4)Rρ[µ gν]σ − (4)Rσ[µ gν]ρ − (1/3)(4)Rgρ[µ gν]σ where the square brackets mean
an alternation, i.e. A[µν] = (Aµν − Aνµ)/2, (4)Rµν is the Ricci tensor, (4)R is the scalar
curvature. From the Einstein equations
(4)Gµν =
(4)Rµν − (1/2) (4)R gµν = Λgµν (1.5)
it follows that (4)Rµν = −Λgµν (4)R = −4Λ . Therefore (4)Rµν ρ σ = K(gµρ gνσ − gµσ gνρ)
where K = −1/a2 = −Λ/3 and we come to the de Sitter space-time (see [11] for details).
In the generalized stereographic coordinates [12], [13] the metric of constant curvature
spaces can be written down as follows [14]
(4)ds2 = gµνdx
µdxν = (1− Λζ/12 )−2 ηµνdxµdxν . (1.6)
The one-parameter family of vacuum-like configurations with the metric (1.6) is labeled by
the parameter Λ. The last defines the vacuum density ρv = Λ/8πG. At present the vacuum
density value ρv (or the constant Λ) is determined only from observations [3].
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It turns out that it is possible to construct a nontrivial “vacuum” configuration with-
out the cosmological constant. Indeed, we consider a scalar field on the flat space-time
background. Let the scalar field is a Lorentz-invariant solution of the wave equation and
has a vanishing conformally invariant energy-momentum tensor. This configuration appears
as a zero mode of the GR equations. In the present paper the interpretation of classical
vacuum in GR as a Lorentz-invariant zero mode of the GR equations for the coupled gravi-
tational and scalar fields with conformal connection is proposed with using this vacuum-like
configuration.
The model admits a geometrical formulation within the framework of five-dimensional
gravity [15]. It is shown that the Lorentz-invariant Kaluza-Klein space can be considered
as a Lorentz-invariant mode of the equations of five-dimensional gravity (without external
sources) where the cylindricity and closedness conditions are realized dynamically. After the
dimensional reduction and corresponding conformal transformation this model is reduced to
the above four-dimensional vacuum configuration with a scalar field on the flat space-time
background. Therefore the vacuum in GR can be interpreted as a manifestation of the
Lorentz-invariant mode of five-dimensional gravity or that of the KK theory.
The plan of the paper is following. In Sec. II we introduce the necessary relations used
in five-dimensional gravity for the vacuum Lorentz-invariant five-dimensional spaces. In
Sec. III we establish the five-dimensional version of the generalized Birkhoff theorem and
explicitly construct an extra Killing vector ~ξ.
In Sec. IV we find the ‘first integral” of the five-dimensional vacuum Einstein equa-
tions which leads to the conservation law G = L2(∇L)2 − ǫL2 = const. In Sec. V we
obtain the metric for conformally flat five-dimensional Lorentz-invariant cosmological model
and ascertain the physical meaning of G. After the dimensional reduction and correspond-
ing conformal transformation we reduce this model to the four-dimensional vacuum-like
Lorentz-invariant configuration for the gravitational and conformal scalar fields with confor-
mal connection. In Sec. VI we consider some geometrical properties of the model and the
regularity condition. In Sec. VII we reduce the five-dimensional action for a geodesic line
to the four-dimensional action for a particle with a variable mass in the flat space-time.
In Appendix A the generalized stereographic coordinates are introduced. In Appendix B
the curvature tensor, the Ricci tensor, the scalar curvature, and also the quadratic curvature
invariant for the obtained metric are calculated. In Appendix C the proof of the five-
dimensional version of the Birkhoff theorem is completed.
Here G is the gravitational constant, the velocity of light c = 1. The metric tensor
gµν (µ, ν = 0, 1, 2, 3) has a signature (+ - - -).
II. THE BASIC EQUATIONS OF LORENTZ-INVARIANT
FIVE-DIMENSIONAL COSMOLOGICAL MODEL
In the framework of the five-dimensional general relativity [15] we consider the five-
dimensional pseudo-Riemannian space V (5) with the metric (5)gAB (A, B = 0, 1, 2, 3, 4)
(the signature is (+ − − − −)) which in general depends on all the coordinates xA. This
metric satisfies the five-dimensional Einstein equations in the vacuum
(5)GAB =
(5)RAB −
1
2
(5)R δAB = 0 . (2.1)
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These equations follow from the five-dimensional Hilbert variational principle for the action
I(5) = − 1
16πGˆ
∫ √
|(5)g| (5)R d5x (2.2)
where Gˆ is the “five-dimensional gravitational constant”, (5)g = det((5)gAB). We further-
more suppose that xµ (µ , ν = 0, 1, 2, 3) are space-time coordinates and x4 ≡ Z is the extra
fifth coordinate.
Now we consider the five-dimensional Lorentz-invariant cosmological model. The Lorentz
group L acts on space V (5) by the rule (1.2). The invariance condition of V (5) with respect
to the Lorentz group leads to the space admitting the families of conformally flat space-
time local subspaces. Therefore, the five-dimensional metric can be written via generalizing
the metric (1.6) of space-time V (4). It is easy to see that the desired maximum general
Lorentz-invariant metric V (5) can be written in the following form
(5)ds2 = ψ2(Z, ζ)ηµνdx
µdxν − V˜ 2(Z, ζ) (dZ +N(Z, ζ)xµdxµ)2 (2.3)
where ψ, V˜ , N are some functions, xµ = ηµνx
ν . According to the Frobenius theorem [16],
we have dZ + N(Z, ζ)xµdx
µ = dZ + N˜(Z, uǫ)duǫ = βdz where N˜(Z, uǫ) = uǫN(Z, ǫu
2
ǫ), z
and β are some functions of variables Z and ζ . Using a function z = z(Z, ζ) as a new fifth
coordinate, we can write the metric (2.3) in the for
(5)ds2 = (5)gABdx
AdxB = ψ2(z, ζ)ηµνdx
µdxν − V 2(z, ζ)dz2 (2.4)
where V 2 = βV˜ 2. In A it will be shown that the relation
(4)ds20 = ηµνdx
µdxν = ǫ du2ǫ − u2ǫ (3)dΩ
2
ǫ (2.5)
takes place. Here
uǫ =
√
ǫηµνxµxν =
√
ǫζ (ǫ = ζ/|ζ |) (2.6)
is the “radial” variable which labels the hyperboloids ǫηµνx
µxν = u2ǫ ,
(3)dΩ2ǫ = hijdy
idyj =
(
1− ǫS2ǫ /4
)−2
(ǫ(dy1)2 + (dy2)2 + (dy3)2) (2.7)
is the “angular” part of metric (2.5) in the stereographic coordinates yi [12], [13], S2ǫ =
ǫ(y1)2 + (y2)2 + (y3)2, (i,j=1,2,3). The metric (2.4) can be written in the form
(5)ds2 = ψ2(z, ζ)(ǫ du2ǫ − u2ǫ (3)dΩ
2
ǫ)− V 2(z, ζ)dz2 (2.8)
with taking into account (2.5).
One can find the symmetry of the model by solving the five-dimensional Killing equations
L~ξ (5)gAB = (5)gAB,CξC + (5)gAC ξC,B + (5)gCB ξC,A = ξA;B + ξB;A = 0 (2.9)
where L~ξ is a Lie derivative with respect to the Killing vector ~ξ = ξA∂A = ξz∂z + ξµ∂µ.
Here “ , A” ≡ ∂A ≡ ∂/∂xA and “ , z” ≡ ∂z ≡ ∂/∂z denote the partial derivatives with respect
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to the coordinates xA and z, correspondingly. For the metric (2.4) these equations take the
form
(V ξz), z + V, µ ξ
µ = 0 , (2.10)
V 2ξz, µ − ψ2ξµ, z = 0 , (2.11)
2ηµν(ψ, zξ
z + ψ, αξ
α) + ψ(ξµ, ν + ξν, µ) = 0 (2.12)
where ξµ = ηµνξ
ν . The general nontrivial solution of these equations ~ξL = xµω
µν∂ν (xµ =
ηµνx
ν) for arbitrary ψ(Z, ζ), V (Z, ζ) determines a general member of the Lie algebra of the
Lorentz group. Here ωµν = −ωνµ are parameters fixing a member of this algebra.
For the metric (2.4) the Einstein tensor have the form (see B)
(5)Gµν =
(5)G
u
uu
ǫ
νu
µ
ǫ +
(5)G
h
hh
µ
ν , (2.13)
(5)Gzµ =
(5)Rzµ =
(5)G
z
uu
ǫ
µ ,
(5)Gµz = ǫ
(5)G
u
zu
µ
ǫ , (2.14)
(5)Gzz = 6ψ
−3 (2ζψζζ + 4ψζ − ψV −2ψ2z) (2.15)
where
(5)G
z
u = −
ǫψ2
V 2
(5)G
u
z = ǫ
(5)G
z
µu
µ
ǫ =
6uǫ
ψV 2
(
ψzζ − ψzψζ
ψ
− ψzVζ
V
)
=
6uǫ
V
(
ψz
ψV
)
ζ
, (2.16)
(5)G
u
u =
(5)G
ν
µu
µ
ǫ u
ǫ
ν =
3ǫ
ψ2
(
−ψψzz
V 2
− ψ
2
z
V 2
+
ψψzVz
V 3
+
4ζψ2ζ
ψ2
+
4ψζ
ψ
+
4ζψζVζ
ψV
+
2Vζ
V
)
, (2.17)
(5)Ghh =
1
ψ2
(
3ψψzz
V 2
+
3ψ2z
V 2
− 3ψψzVz
V 3
− 4ζVζζ
V
− 6Vζ
V
− 8ζψζζ
ψ
+
4ζψ2ζ
ψ2
− 12ψζ
ψ
− 4ζψζVζ
ψV
)
. (2.18)
Here uµǫ = x
µ/uǫ (u
ǫ
µ = ηµνu
ν
ǫ ) and “z”≡ ∂/∂z, “zz”≡ ∂2/∂z2, “ζ”≡ ∂/∂ζ , “ζζ”≡ ∂2/∂ζ2.
Operations with indexes for quantities Au and Au are given by the formula (B17).
III. FIVE-DIMENSIONAL VERSION OF THE GENERALIZED
BIRKHOFF THEOREM AS A CYLINDER CONDITION
If the metric (2.4) satisfies the vacuum equations of five dimensional general relativity,
the symmetry of the model turns out to be higher than the initial one. In this case the
metric (2.4) admits extra one-parameter isometry group with the Killing vector ~ξ = ξA∂A =
ξz∂z + ξ
µ∂µ. This group should commute with the Lorentz group, therefore we have
[~ξ, ~ξL] = 0 (3.1)
whence, using the formula ~ξL = xµω
µν∂ν , we obtain the following defining equations
xµω
µνξz, ν = 0 , ξµω
µν − xµωµρξν, ρ = 0 . (3.2)
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The solution of these equations has the form
ξz = h(z, ζ) , ξν = f(z, ζ)xµ (3.3)
where h = h(z, ζ), f = f(z, ζ) are some functions. Therefore the Killing vector can be
written as
~ξ = h ∂z + fx
µ ∂µ . (3.4)
After substitution (3.3), the Killing equations (2.10) – (2.12) are converted as:
(V h), z + fV, µ x
µ = 0 , (3.5)
V 2h, µ − ψ2f, zxµ = 0 , (3.6)
2ηµν(hψ, z + fψ, αx
α + fψ) + ψf, νxµ + ψf, µxν = 0 . (3.7)
For arbitrary functions Φ = Φ(z, ζ) the formulae take place
Φ, µ = 2Φ, ζxµ = ǫΦ, uǫu
ǫ
µ , x
µΦ, µ = 2ζΦ, ζ = uǫΦ, uǫ (ζ = ǫu
2
ǫ = ηµνx
µxν) . (3.8)
Therefore the relations (3.5) – (3.7) can be rewritten as follows
(V h), z + 2fζV, ζ = 0 , (3.9)
2V 2h, ζ − ψ2f, z = 0 , (3.10)
ηµν(hψ, z + f(ψ + 2ζψ, ζ)) + 2ψf, ζxνxµ = 0 . (3.11)
Using the formulae (A3) and (A4), we obtain from the last equation
(hψ, z + f(uǫψ), uǫ)) (ǫu
ǫ
µu
ǫ
ν − hµν) + 2ψu2ǫfζuǫµuǫν = 0 . (3.12)
Hence it follows that
hψ, z + 2ǫfL, ζ
√
ǫζ + 2ζψfζ = 0 , (3.13)
hψ, z + 2ǫfL, ζ
√
ǫζ = 0 (3.14)
where
L = uǫψ = ψ
√
ǫζ . (3.15)
The equations (3.13), (3.14) are equivalent to the relations
hL, z + 2fζL, ζ = 0 , f, ζ = 0 . (3.16)
Note that the continuity equation
(√
(5)g ξA
)
, A
= 0 (3.17)
follows from the Killing equations (2.9). Taking into account the metric (2.4) and Killing
vector (3.4), we obtain from here
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(hV ζψ4), z + 2(fV ζ
2ψ4), ζ = 0 . (3.18)
This equation will be satisfied identically if we assume
h =
2F, ζ
V ζψ4
, f = − F, z
V ζ2ψ4
(3.19)
where F is some function of z and ζ . Substituting the expressions for h and f into Eq.
(3.16), we find F, uǫ L, z − F, zL, uǫ = 0. Hence it follows that F = F (L). As a result, for the
Killing vector (3.4) we have ~ξ = V −1L−4F, L (2ζL, ζ ∂z − L, z xµ ∂µ).
The remaining Killing equations (3.9), (3.10) and the last equation in (3.16) lead to the
following relations:
(L−4F, LL, ζ), z − V −1L−4F, LL, zV, ζ = 0 , (3.20)
4V 2 (V −1L−4ζF, LL, ζ), ζ + ψ
2 (V −1L−4F, LL, z), z = 0 , (3.21)
(V −1L−4F, LL, z), ζ = 0 . (3.22)
The last equation can be rewritten as
ψ, z
V ψ
(
F, L
L3
)
, ζ
+
F, L
L3
(
ψ, z
V ψ
)
, ζ
= 0 . (3.23)
By virtue of the equations (5)G
z
u = 0 and (2.16), it results in (F, L/L
3), L = 0. This equation
gives F, L = AL
3 where A is a constant. In further we suppose that A = 1.
Now the equation (3.20) takes the form(
L−1L, ζ
)
, z
− L−1V −1LzV, ζ = 0 . (3.24)
This equation is satisfied by virtue of the Einstein equation (5)G
z
u = 0 and formula (2.16).
At last, the equation (3.21) can be rewritten as follows
4V 2
(
ψ−1V −1ζψ, ζ
)
, ζ
+ ψ2
(
ψ−1V −1ψ, z
)
, z
− 2Vζ = 0 . (3.25)
Taking into consideration (2.15) and (2.17), one can see that this equation is satisfied by
virtue of the equations (5)Gzz = 0 and
(5)G
u
u = 0.
Finally, substituting the expressions F, L = L
3 into Eq. (3.19) and (3.4), we obtain the
desired Killing vector of an extra symmetry
~ξ = ψ−1V −1 (L, uǫ ∂z − L, z uµǫ ∂µ) (uµǫ = xµ/uǫ) . (3.26)
As a result, we come to the five-dimensional version of the generalized Birkhoff theorem
for spherically symmetric gravity in four dimensions [16], [17]. According to the theorem,
the metric for the Lorentz-invariant five-dimensional space V (5) satisfying the vacuum five-
dimensional Einstein equations admits an extra Killing vector ~ξ. The vector ~ξ (3.26) is
linearly independent of the Killing vectors ~ξL = xµω
µν∂ν of the initial Lorentz group. It
determines an extra symmetry V (5) that corresponds to the Kaluza-Klein cylinder condition.
Thus, the Kaluza-Klein cylinder condition for the vacuum Lorentz-invariant spaces of five-
dimensional gravity are realized dynamically. The proof of this theorem in the framework
of two-dimensional dilaton gravity and discussion of the related problems see in [18].
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IV. FIVE-DIMENSIONAL VERSION OF THE MASS FUNCTION
AND ITS CONSERVATION LAW
In addition to the usual conservation law for the geodesic equations ξAdx
A/(5)ds = const,
the Killing vector (3.26) ~ξ allows to construct a nontrivial conservation law which will be
satisfied by virtue of the five-dimensional vacuum Einstein equations. Indeed, using the
contracted Bianchi identities (5)GAB ;A = 0 and Killing equations (2.9), we get the continuity
equation
PA;A = |(5)g|−1/2
(√
|(5)g| PA
)
, A
= ψ−4V −1
(
(ψ4V P z), z + (ψ
4V P µ), µ
)
= 0 (4.1)
for the vector
PA = (5)GABξ
B = ψ−1V −1
(
L, uǫ
(5)GAz − L, z(5)G
A
µu
µ
ǫ
)
. (4.2)
Hence, using the components of the Einstein tensor (2.13) – (2.16), we obtain
P z = ψ−1V −1
(
L, uǫ
(5)Gzz − ǫL, z(5)Gzu
)
, (4.3)
P u = ψ−1V −1
(
L, uǫ
(5)Guz − L, z(5)Guu
)
(4.4)
where P u = uǫµ P
µ.
The equation (4.1) can be rewritten in the form
(u3ǫψ
4V P z), z + ǫ(u
3
ǫψ
4V P u), uǫ = 0 . (4.5)
with taking into account the relations (3.8). We will search for the solutions of this equation
as
2u3ǫψ
4V P z = 3G, uǫ , 2ǫu
3
ǫψ
4V P u = −3G, z (4.6)
where G = G(ζ , z) is a certain function. Hence we find
P z =
3G, uǫ
2u3ǫψ
4V
, P u = − 3ǫG, z
2u3ǫψ
4V
. (4.7)
Substituting the expressions for P z and P u from (4.3) and (4.4) into the relations (4.6),
we obtain the equation which links the gradient of the function G with components of the
Einstein tensor:
3G, uǫ = 2L
3
(
(5)G
z
zL, uǫ − ǫ (5)G
z
uL, z
)
, (4.8)
3G, z = 2 ǫL
3
(
(5)G
u
uL, z − (5)G
u
zL, uǫ
)
. (4.9)
From here, with the help of Eqs. (2.15) – (2.17), we obtain the following expression G, a =(
4ζ2ψψζ + 4ζ
3ψ2ζ − ζ2ψ2ψ2z/V 2
)
, a
whence we find (up to an additive constant)
G = ζ2
(
4ψψζ + 4ζψ
2
ζ − ψ2ψ2z/V 2
)
. (4.10)
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Due to the vacuum Einstein equations (2.1), the conservation law G = G(ζ , z) = const
follows from (4.8) – (4.9).
Let us now rewrite the metric (2.8) in the (2 + 3) decomposed form
(5)ds2 = (2)ds2 − L2 (3)dΩ2ǫ (4.11)
where (2)ds2 is the metric of space V (2) which is a section ya = const of the space V (5). In
the coordinates {uǫ , z} we have
(2)ds2 = γabdx
adxb = ǫψ2(z, ζ) du2ǫ − V 2(z, ζ)dz2 . (4.12)
The metric describes subspace ζ = ηµνx
µxν < 0, when ǫ = 1 or subspace ζ = ηµνx
µxν > 0,
when ǫ = −1. In the coordinates {ζ = ǫu2
ǫ
, z} we have
(2)ds2 = 4−1ζ−1ψ2(z, ζ) dζ2 − V 2(z, ζ)dz2 . (4.13)
This form is applicable in both subspaces ζ > 0 and ζ < 0. Let us write out also two-
dimensional representation of the Killing vector (3.26) in the coordinates {ζ = ǫu2
ǫ
, z}
~ξ = uǫV
−1L−1 (L, uǫ ∂z − L, z ∂uǫ) = 2ζV −1L−1 (L, ζ ∂z − L, z ∂ζ) . (4.14)
Now the integral of motion (4.10) can be written in the two-dimensional invariant form
G = L2(∇L)2 − ǫL2 (4.15)
where (∇L)2 = γab∇aL∇bL , ∇a ≡; a is a covariant derivative with respect to the metric γab.
The function G is analogical to the known mass function of GR [19], [20], [21].
V. LORENTZ-INVARIANT FIVE-DIMENSIONAL COSMOLOGICAL
MODEL AND REDUCTION OF GRAVITATIONAL ACTION FOR V (5)
From the five-dimensional generalized Birkhoff theorem it follows that for Lorentz-inva-
riant five-dimensional vacuum spaces there is such a coordinate frame {z , u} conserving the
diagonal form of the metric (2.8) in which all metric functions do not depend on the fifth
coordinate z (see C). Then, for the metric (4.12) the conservation law (4.15) has the form
ǫG = u2ǫ
(
dL
duǫ
)2
− L2 . (5.1)
By setting G > 0, from here we obtain L =
√
G(auǫ − ǫ/auǫ)/2 where a > 0 is constant.
Using the scale transformation uǫ → u´ǫ = auǫ
√
G/2, we obtain
ψ = L/uǫ = 1−G/4ζ . (5.2)
By setting G < 0, we find the same solution.
From the equation (5)Guu = 0, taking into account (2.17), we have
Vζ
V
= −2ψζ
ψ
ψ + ζψζ
ψ + 2ζψζ
(5.3)
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whence, with the help of (5.2), we obtain V −1Vζ = −(G/2)(ζ2 −G 2/16)−1. Integration of
this equation leads to the following result
V = b
∣∣∣∣∣1 +G/4ζ1−G/4ζ
∣∣∣∣∣ (5.4)
where b > 0 is a constant which can be converted into unity via the scale transformation of
z. The remaining vacuum equations of five-dimensional gravity are satisfied identically.
As a result, the metric (2.8) can be written as
(5)ds2 = −
(
1 + ǫG/4u2ǫ
1− ǫG/4u2ǫ
)2
dz2 +
(
1− ǫG
4u2ǫ
)2 (
ǫ du2ǫ − u2ǫ (3)dΩ
2
ǫ
)
. (5.5)
The metric describes the different subdomains of the space V (5) for ǫ = ±1. Taking into
account (2.5), we can rewrite this metric in the form suitable for the whole space V (5)
(5)ds2 = −
(
1 + G/4ζ
1−G/4ζ
)2
dz2 +
(
1− G
4ζ
)2
ηµνdx
µdxν . (5.6)
The physical sense of our model and the constant G are clarified by the dimensional
reduction of action (2.2). For this purpose we shall rewrite the interval (5.6) in the more
general (1+4)-form
(5)ds2 = (5)gABdx
AdxB = g´µνdx
µdxν − V 2dz2 . (5.7)
For spaces under consideration the variables V, g´µν do not depend on the coordinate z.
Therefore from action (2.2) we obtain through the (1+4)-decomposition of scalar curvature
(5)R [22], integration on z and omitting a divergence
I(4) = − 1
16πG
∫ √
−g´ V (4)R´ d4x (5.8)
where (4)R´ is a scalar curvature with respect to the metric g´µν , g´ = det(g´µν), G = Gˆ/L is a
reduced gravitational constant, L is a constant with length dimensionality.
The metric (5.6) belongs to the following general class of metrics
(5)ds2 = −
(
1− ϕ/√6
1 + ϕ/
√
6
)2
dz2 +
(
1 +
ϕ√
6
)2
(4)ds 2 (5.9)
where ϕ is an induced scalar field, (4)ds 2 = gµνdx
µdxν is the physical space-time metric of
V (4). In this parametrization we obtain [23] from action (5.8)
(4)I = − 1
16πG
∫
d4x
√−g
{(
1− ϕ
2
6
)
(4)R− g µνϕ, µϕ,ν
}
(5.10)
where (4)R is a scalar curvature with respect to the metric gµν , g = det(gµν).
The new action describes the interacting gravitational gµν and scalar ϕ fields. The
equations of motion of a new system have the form
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(∆− 1
6
R)ϕ = 0 , (5.11)
Gµν = 4πtµν(ϕ) ≡ 4πTµν(ϕ) + 16 (Gµν −∇µ∇ν + gµν∆)ϕ2 , (5.12)
Tµν(ϕ) =
1
4π
(
ϕµϕν − 12gµν(∇ϕ)2
)
(5.13)
where tµν is a conformally invariant energy-momentum tensor of the scalar field ϕ, ∆ =
∇µ∇µ and all quantities are calculated with respect to the metric gµν .
In our case of the Lorentz-invariant five-dimensional cosmological model with the metric
(5.6) the scalar field and physical metric in (5.9) take the form
ϕ = −
√
6G
4ζ
= −
√
6G
4ηµνxµxν
, gµν = ηµν . (5.14)
Hence it can be seen that the constant G can be interpreted as a charge of the scalar field
ϕ.
Note that the model contains the nontrivial scalar field ϕ (5.14) with vanishing con-
formally invariant energy-momentum tensor tµν(ϕ) = 0. If we consider the equation
tˆµν(ϕ) ≡ tµν(ϕ) = λδµνϕ as the eigenvalue equations for the operator tˆµν , then the scalar
field ϕ is an eigenfunction of this operator corresponding to the zero eigenvalue. Therefore,
the scalar field (5.14) can be interpreted as a classical zero mode of the conformally invariant
energy-momentum tensor tµν . The flat space-time can be interpreted also as a zero mode
of the Einstein equations since it is trivial solution of the vacuum Einstein equations. As
a result, we can consider the Lorentz-invariant solution of the Einstein equations for the
interacting gravitational and conformal scalar fields as a zero mode of GR, and the field
system (5.14) itself as a vacuum-like configuration of GR.
If we take into account the above reasons, the indicated vacuum-like configuration of
GR can be interpreted as a manifestation of a Lorentz-invariant mode of five-dimensional
gravitation.
VI. GEOMETRY OF MODEL, REGULARITY CONDITIONS,
AND COMPACTIFICATION OF THE FIFTH COORDINATE
The metric (5.6) of the space V (5) has a singularity on a light cone ζ ≡ ηµνxµxν = 0. This
singularity divides the hypersurface z = const into two regions: U -region when ζ > 0 (ǫ = 1)
and V -region when ζ < 0 (ǫ = −1), where ǫ = ζ/|ζ |.
The singularity ζ = 0 has a coordinate character. It turns out that the invariant of
curvature I = (5)RABCD
(5)R
ABCD
is finite here (see B). Therefore, the metrics (5.5) with
different ǫ = ±1 can be interpreted as the metrics of regions U ⊂ V (5) and V ⊂ V (5). Then
we can consider the metric (5.6) as the analytical expansion of the metrics (5.5) on the whole
space V (5).
According to (2.6), we shall introduce coordinates in U - and V -regions
u = u+1 = ±
√
ηµνxµxν , v = u−1 =
√
−ηµνxµxν . (6.1)
We suppose that −∞ < u <∞ and 0 < v <∞.
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Note that the region U is a union of subregions of the future U+ (u > 0) and past
U− (u < 0). The subregions U+ and U− are divided into the subregions U++ , U
+
− and U
−
+ ,
U−− by the singular space-like surfaces
u2 = |G|/4 , (6.2)
so that U+ = U++ ∪U+− and U− = U−+ ∪U−− , while the region V is divided into the subregions
V− V+ by the singular timelike surface
v2 = |G|/4 , (6.3)
so that V = V− ∪ V+. Thus, we have the following subregions of the hypersurface z = const
U+− = {u : 0 < u <
√
|G|/2} , U++ = {u :
√
|G|/2 < u <∞} , (6.4)
U−+ = {u : −
√
|G|/2 < u < 0} , U−− = {u : −∞ < u < −
√
|G|/2} , (6.5)
V− = {v : 0 < v <
√
|G|/2)} , V+ = {v :
√
|G|/2 < v <∞} . (6.6)
The metrics (5.5) and (5.6) are invariant with respect to the inversion
u = ǫ1G/4u˜ , x
µ = ǫ1Gx˜
µ/4˜ζ , ζ˜ = ηµν x˜
µx˜ν > 0 , (6.7)
v = |G|/4v˜ , xµ = |G|x˜µ/4ζ˜ , ζ˜ = ηµν x˜µx˜ν < 0 (6.8)
where ǫ1 = ±1. These inversions induce maps of subregions (6.4)–(6.6):
U++ ⇔ U+− , U−− ⇔ U−+ (ǫ1G > 0) , (6.9)
U++ ⇔ U−+ , U−− ⇔ U+− (ǫ1G > 0) , (6.10)
V+ ⇔ V− . (6.11)
According to (5.5), the U -region is described in the coordinates {u, z} by the metric
(5)ds2 = −
(
1 +G/4u2
1−G/4u2
)2
dz2 +
(
1− G
4u2
)2
(du2 − u2dΩ2+) . (6.12)
The point u = 0 is a regular point of the metric. The singularity character of surfaces
u2 = G/4 depends on a sign of G. In the case G < 0 we have a surface where extreme
curvature is reached, Imax = 72/G
2, and in case G > 0 we have a surface of singular
curvature: lim I →∞, when u2 → G/4 (see B).
If one uses a coordinate
T = u−G/4u , (6.13)
the metric (6.12) takes the form
(5)ds2 = −
(
1 +G/T 2
)
dz2 +
(
1 +G/T 2
)−1
dT 2 − T 2 dΩ2+ . (6.14)
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Hence it can be seen that coordinates {z, T} in the U -region are analogous to curvature
coordinates in the T -region of the Schwarzschild solution in GR.
The coordinate T is a single-valued function of u, except for u = 0 where it has the point
of discontinuity. The inverse function u = (T ±√T 2 +G )/2 is a double-valued function of
T and can have a branchpoint at T =
√−G when G < 0. It is easy to see that in the case
G > 0 each of the regions U+ and U− in coordinates {z, u} corresponds to the same region
(−∞ < T <∞) in coordinates {z, T}. Thus, the regions U+ and U− in coordinates {z, T}
are identified. At the inverse (6.7) the coordinate T (6.13) behaves as follows
T = −ǫ1T˜ , T˜ = u˜−G/4u˜ . (6.15)
Therefore, in the case ǫ1 > 0 the corresponding map of regions (6.9) and (6.10) results
in the change of a time coordinate (T ) sign. In addition, the subregions U++ , U
+
− , U
−
+
and U−− exchange their places in an appropriate way. The metric (6.14) contains a curvature
singularity at the instant T = 0. The singularity is an invariant with respect to the inversion
(6.7) and corresponds to singular surfaces u = ±√G/2 for the metric (6.12).
If G < 0, the ranges 0 < u <
√
G/2 and
√
G/2 < u < ∞ of the variable u correspond
to the ranges ∞ < T <
√
|G| and
√
|G| < T < ∞ of the variable T . Hence it can be
seen that the regions U++ and U
+
− are identified in coordinates {z, T}. Similarly, the ranges
−∞ < u < −√G/2 and −√G/2 < u < 0 of the variable u correspond to the ranges
−∞ < T < −
√
|G| and −
√
|G| < T < −∞ of the variable T . Therefore, the regions U−+
and U−− in coordinates {z, T} are identified as well.
Note that the regular surfaces u = ±
√
|G|/2 correspond to the extreme values of time
T = ±
√
|G| and the curvature invariant I = 72/G2 (see B). We also note that 3-spheres
T = ±
√
|G| , z = const (with respect to the metric (6.14)) are similar to the event horizon
of the Schwarzschild metric in GR. However, a passage into the region |T | <
√
|G| which is
similar to a passage into the T -region of the Schwarzschild solution of GR is forbidden in the
classical theory. This is because of such a change of coordinate sense that we should perform
the replacement z → T , T → z. Then the metric will depend on the fifth coordinate z,
that does not correspond to the problem set up.
Hence it follows that at a negative scalar charge the Lorentz-invariant Universe in the
KK theory exists only when coordinate time |T | >
√
|G|, disappearing at T = −
√
|G| and
arising at T =
√
|G| with spatial section as an isotropic expanding 3-sphere S3 with initial
radius
√
|G|.
According to (5.5), in coordinates {v, z} the V -region is described by the metric
(5)ds2 = −
(
1−G/4v2
1 +G/4v2
)2
dz2 −
(
1 +
G
4v2
)2
(dv2 + v2dΩ2−) . (6.16)
The point v = 0 is a regular point of the metric. The character of a singularity of the surface
v =
√
|G| /2 depends on a sign of G. In the case G > 0 we have a surface where extreme
curvature is reached, Imax = 72/G
2 when v2 = −G/4, and in the case G < 0 we have a
surface of singular curvature lim I →∞ when v2 → −G/4 (see B).
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If one uses a coordinate
R = v +G/4v , (6.17)
the metric (6.16) takes the form
(5)ds2 = −
(
1−G/R2
)
dz2 −
(
1−G/R2
)−1
dR2 − R2 dΩ2− . (6.18)
Hence it can be seen that coordinates {z, R} in the V -region are an analogous to curvature
coordinates in the R-region of the Schwarzschild solution in GR. The coordinate R sense
is a radius of the three-dimensional pseudosphere S(1, 2) with the induced metric R2dΩ2−.
This metric is defined in the stereographic coordinates by the formula (2.7).
It is easy to see that in the case G > 0 the expression in the right-hand side of (6.17)
is invariant with respect to the inversion (6.8), therefore the map of regions (6.11) occurs
without changing the radial coordinate R. Hence it follows that at the transformation (6.17)
we have the regions V− and V+ overlapping, since these regions are mapped into the same
region
√
G ≤ R < ∞. In addition, the minimum radius R = √G of the pseudosphere
S(1, 2) corresponds to the regular surface v =
√
G/2 with the curvature invariant extremum
Imax = 72/G
2 on it (see B). The pseudosphere R =
√
G (with respect to the metric (6.18)) is
similar to the event horizon of the Schwarzschild metric. The region R <
√
G is nonphysical
because of the violation of the signature conditions. Therefore, the region R <
√
G falls
out of the range of definition of the considered space that is characteristic for a so called
topological texture [24]. In this case there are 3-spheres which are not contractible in a
point. However, in the case under consideration we have an exotic case of the nocontractible
3-pseudospheres S(1, 2) instead of 3-spheres S3.
If G < 0, the expression in the right-hand side (6.17) changes a sign at the inversion
(6.8). Therefore, the map of regions (6.11) occurs by changing a coordinate R sign. Besides,
it the subregions V− and V+ exchange their places. The range 0 < v < ∞ of variable v
corresponds to the range −∞ < R < ∞ of the variable R. The central singularity R = 0
of the metric (6.18) corresponds to the surface v =
√
|G|/2 for the metric (6.16) and is
invariant with respect to the inversion (6.8).
Let us now consider the regularity conditions for V (5) on the “ horizon” R =
√
G for
(6.18) that corresponds v =
√
G/2 (G > 0) for (6.16). With this end in view we consider
the induced metric
dl2 = ψ2(v) dv2 + V 2(v)dz2 =
(
1 +
G
4v2
)2
dv2 +
(
1−G/4v2
1 +G/4v2
)2
dz2 (6.19)
on the surface V (2) ⊂ V (5): yi = const when dΩ2− = 0 in the metric (6.16). The space V (2)
with the metric (6.19), as locally Euclidean, can be locally embedded into R(3) as a surface
of revolution (see, for example, [25]). Hence it follows that the space V (2) is a closed space
with respect to z.
This surface radius
rv ∼ V (v) = 1−G/4v
2
1 +G/4v2
(
√
|G|/2 ≤ v <∞)
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is a monotonically decreasing quantity as v decreases with the range ∞ > v >
√
|G|/2 and
rv = 0 when v =
√
G/2 (G > 0). Thus, we have a conical surface of revolution. With the
help of transformation
r = r(v) =
∫
ψ(v)dv
V (v)
= v +
G
4v
+
√
G ln
(
2v −√G
2v +
√
G
)
(6.20)
conserving a symmetry the metric (6.19) can be reduced to a conformally flat form dl2 =
V 2(r)(dr2 + dz2). The additional transformation r =
√
G ln ρ leads to the following metric
dl2 =W 2(ρ)(dρ2 + ρ2dα2) = Ge−(2v/
√
G+
√
G/2v)
(
1 +
√
G/2v
)4
(1 +G/4v2)2
(dρ2 + ρ2dα2) (6.21)
where α = z/
√
G (G > 0). The introduced here function ρ and conformal factor W (ρ)
are already positive and analytical. In order to avoid a conical singularity at the “horizon”
R =
√
G (or ρ = 0), α must have the period 2π, this implying that the extra coordinate z
must be periodic with the range of changing 0 ≤ z ≤ 2π√G.
From this analysis it is apparent that for the section of the space V (5) at yi = const (i =
0, 1, 2) the v-z surface has the shape of a semi-infinite conic surface of revolution when
G > 0. This conical surface is smoothly rounded in its vertex and is open at infinity; thus, it
is topologically equivalent to R2. Therefore, the V -region has a structure R2 × S(1, 2) with
an isotropic throat of the radius R =
√
G (G > 0) as an interior boundary. The above conic
surface radius is rR =
√
G(1−G/R2) with the range 0 < rR < r∞ =
√
G when
√
G < R <
∞. The maximum rR can be interpreted as a compactification radius rc = r∞ =
√
G of the
space V (5). We see that what can be called a spontaneous compactification takes place here.
Note that another mechanism of the spontaneous compactification of V (5) was considered in
[26] where z-periodicity was an effect induced by a moving tachyon.
Since U - and V - regions are subregions of V (5) with a common smooth boundary ζ ≡
ηµνx
µxν = 0, the condition z = α
√
G (0 ≤ α < 2π) should be satisfied for the whole space
V (5). Therefore, when G > 0 and in accordance with (5.6), we can write
(5)ds2 = −
(
1 +G/4ζ
1−G/4ζ
)2
Gdα2 +
(
1− G
4ζ
)2
ηµνdy
µdyν . (6.22)
This metric is a Lorentz-invariant mode of the equations of five-dimensional gravity for
which both cylindricity and compactification of the fifth dimension are fulfilled dynamically.
Therefore the space under consideration is the KK space.
As already has been noted, after the dimensional reduction the model is reduced to
the vacuum-like configuration of GR for the interacting gravitational and conformal scalar
fields. Hence this vacuum-like configuration of GR can be considered as a manifestation of
a Lorentz-invariant mode of five-dimensional gravity for which the Kaluza-Klein postulates
are realized dynamically.
VII. REDUCTION OF ACTION FOR A GEODESIC LINE ON V (5)
The geodesic equations in V (5) follow from the action principle δ(5)S = 0 for an action
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(5)S = −
∫
(5)ds =
∫
(5)Ldλ (7.1)
where λ is a parameter on the world line. A Lagrangian (5)L for the metric (2.4) has the
form
(5)L = −
√
ψ2ηµν x˙µx˙ν − V 2z˙2 (7.2)
where x˙µ = dxµ/dλ.
Let us note that the coordinate z is cyclical and can be eliminated from the Lagrangian
(5)L. For this purpose we introduce the Routh function R [27]:
R = gz˙ − (5)L = −ψ2ηµν x˙µx˙ν/L (7.3)
where
g = ∂ (5)L/∂z˙ = −V 2z˙/L = const (7.4)
is an integral of motion. The Routh function R is a Lagrange function with respect to the
coordinates xµ and is a Hamiltonian function with respect to the coordinate z. Therefore,
if only trajectories in the space-time V 4 are of interest for us, it is possible to consider the
function R as a reduced Lagrangian (4)L containing g as s parameter.
Excluding the velocity z˙ from the Routh function (7.3) with the help of (7.4), we obtain
(4)L = R = ψ
√
(1 + g2V −2) ηµν x˙µx˙ν . (7.5)
Taking into account (6.22), we find the Lagrangian of a test particle
(4)L = H(ζ)
√
ηµν x˙µx˙ν (7.6)
where
H(ζ) =
(
1− G
4ζ
)√√√√1 + g2
(
1−G/4ζ
1 +G/4ζ
)2
. (7.7)
Using the Routh function (7.3), we can rewrite the five-dimensional action (7.3) as
(5)S =
∫
(5)Ldλ =
∫
(gdz −Rdλ) . (7.8)
Hence, omitting a total differential and taking into account (7.5) and (7.6), we come to the
four-dimensional Lorentz-invariant action
(5)S → (4)S = −
∫
Rdλ = −
∫
(4)Ldλ = −
∫
H(ζ)ds0 . (7.9)
The four-dimensional equations of motion
d
ds0
(
H
dxµ
ds0
)
= ηµν
∂H
∂xν
(7.10)
follow from the constructed action where ds20 = ηµνdx
µdxν .
The obtained action can be interpreted as an action for a particle of a variable mass
m = H(ζ) in the flat space-time. In the case |ζ | ≫ 0 it is reduced to an action for a free test
particle of mass m =
√
1 + g2 in special relativity. In the case ζ ∼ G/4 we have accelerated
motion and in the case ζ → G/4 we deal with ultrarelativistic motion. Let us suppose that
the compactification radius of V (5) has an order of Planck length LP l: rc =
√
G ∼ LP l.
Then the effects of five-dimensional gravity of the considered type can show themselves only
at the Planck scales.
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VIII. CONCLUSION
The Lorentz-invariant configuration of a scalar field with conformal connection const-
ructed in the paper has the vanishing conformally invariant energy-momentum tensor on the
flat space-time background. Therefore, the obtained solution is interpreted as a vacuum-like
configuration in GR without a cosmological constant.
On the other hand, it is shown that the Lorentz-invariant solution of equations of the KK
theory can be considered as a Lorentz-invariant mode of equations of the five-dimensional
gravity (without external sources) in which the cylindricity condition and closedness with
respect to the extra coordinate z are realized dynamically. After the dimensional reduction
and appropriate conformal mapping the model is reduced to the above vacuum configuration
of GR with the conformally invariant scalar field.
Therefore, the vacuum in GR can be interpreted as a manifestation of the Lorentz-
invariant empty space of the KK theory which in turn is the Lorentz-invariant mode in
the five-dimensional gravity. The approach discussed above, as well as the standard theory,
leads to the one-parameter family of vacuum configurations. The parameter is a charge
of the scalar field G associated with the geometrical parameter of the model, that is the
compactification radius of rc =
√
G of the Kaluza-Klein space V (5). In addition a five-
dimensional action for a geodesic line in V (5) is reduced to a four-dimensional action by the
dimensional reduction. We can interpret the obtained four-dimensional effective action as
an action for a particle of the variable mass m = H(ζ) in the flat space-time.
The offered approach is based on the five-dimensional version of the generalized Birkhoff
theorem proved in the paper. According to the theorem, the Lorentz-invariant metric (5)gAB
satisfying the vacuum five-dimensional Einstein equations admits the extra Killing vector
~ξ. This vector defines an extra symmetry of the five-dimensional Lorentz-invariant vacuum
space V (5) corresponding to the Kaluza-Klein cylinder condition. The conservation law
G = L2(∇L)2− ǫL2 = const corresponding to this symmetry is similar to the mass function
for the spherically-symmetric gravitational fields in GR. After the dimensional reduction of
the five-dimensional Hilbert action and corresponding conformal mapping, G is identified
with a charge of the conformally invariant scalar field. Therefore, the function G can be
called a charge function, and the conservation law corresponds to the charge conservation
for the conformally invariant scalar field.
The regularity condition of the space V (5) for the obtained metric implying the conical
singularity absence leads to the closure condition of V (5) with respect to the fifth coordinate
z with the period L = 2π
√
G. The metric of the surface V (2) ⊂ V (5) (yi = const, i = 0, 1, 2)
describes a semi-infinite conic surface of revolution with the smoothly rounded vertex. This
conic surface radius is rR =
√
G(1−G/R2) with the range 0 < rR < r∞ =
√
G while
√
G <
R < ∞. The maximum magnitude of rR which is reached at R = ∞ can be interpreted as
a compactification radius rc = r∞ =
√
G of the five-dimensional space V (5). Finally we note
that the considered five-dimensional space for sufficiently large ζ = ηµνx
µxν becomes a flat
space and its manifestation, the physical space-time, becomes a usual empty space-time of
special relativity. Thus, the constructed five-dimensional cosmological model describes the
mechanism of a dynamic spontaneous compactification of the five-dimensional space and its
effective manifestation as a vacuum-like configuration of GR containing the scalar field with
a vanishing conformally invariant energy-momentum tensor on the Minkowski space-time
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background.
In a sense, the Lorentz-invariant Kaluza-Klein spaces can be understood as the limiting
case of spaces of the five-dimensional GR admitting maximally symmetric Lorentz-invariant
space-time sections. We consider the obtained solution as the “lowest” nontrivial state
of the five-dimensional geometry, which manifest themselves in the form of the vacuum-
like configuration GR. Its nonsymmetric perturbations generated by classical or quantum
excitations can be treated as induced matter [15]. But we must first study the problem of
the stability of the space V (5) under small perturbations of the type δgABe
nz by analogy with
the Schwarzschild metric. Then these perturbations for stable modes can be interpreted as
matter induced by the five-dimensional geometry.
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APPENDIX A: GENERALIZED STEREOGRAPHIC COORDINATES
The generalized stereographic coordinates for three-dimensional “angular” parts of the
Minkowski metric can be introduced via using a generalized stereographic projection [12],
[13]. Taking into account definition u2ǫ = ǫηµνx
µxν , we have
uǫµ = ǫ
∂uǫ
∂xµ
=
ηµνx
ν
uǫ
=
xµ
uǫ
. (A1)
This 4-vector is time-like (ηµνuǫµu
ǫ
ν = 1) when ǫ = 1 and space-like (η
µνuǫµu
ǫ
ν = −1) when
ǫ = −1. The second derivative of uǫ:
ǫ
∂2uǫ
∂xµ∂xµ
=
∂uǫµ
∂xµ
= − 1
uǫ
hµν (A2)
leads to the induced metric
hµν = ǫu
ǫ
µu
ǫ
ν − ηµν , uµǫ hµν = 0 (A3)
defined on the surface u2ǫ = ǫηµνx
µxν = const. Hence it follows ∂uµǫ /∂x
µ = uµǫ,µ = 3/uǫ.
We introduce “degenerated” angular coordinates uµǫ
uµǫ = x
µ/uǫ = η
µνuǫµ . (A4)
The coordinates {uµǫ } = {uµ+ , uµ−} satisfy to relations
ηµνu
µ
ǫ u
ν
ǫ = (u
0
ǫ)
2 − (u1ǫ)2 − δabuaǫubǫ = ǫ (a, b = 2, 3) , (A5)
and ηµνu
µ
ǫ dx
ν = duǫ , ηµνu
µ
ǫ du
ν
ǫ = 0. Using these formulae and (A3), we obtain for the
Minkowski metric
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(4)ds20 = ǫdu
2
ǫ − hµνdxµdxν = ǫdu2ǫ − u2ǫ (3)dΩ
2
ǫ (A6)
where
(3)dΩ
2
ǫ = hµνdu
µ
ǫ du
ν
ǫ = −(ηµνduµǫ duνǫ )|u2ǫ=const (A7)
are induced metrics on the surfaces ηµνu
µ
ǫ u
ν
ǫ = ǫ. They represents “angular parts” of the
Minkowski metrics inside and outside the light cone.
Now we proceed from the degenerated coordinates uµǫ to the nondegenerate generalized
stereographic coordinates yi by means of the formulae
uaǫ =
ya
1− ǫS2ǫ /4
, u1+ =
y1
1− S2+/4
, u0− =
y1
1 + S2−/4
(A8)
where S2ǫ = ǫ(y
1)2 + (y2)2 + (y3)2. Then, according to (A5), we have
u0+ =
1 + S2+/4
1− S2+/4
, u1− =
1− S2−/4
1 + S2−/4
. (A9)
Now the angular part of the Minkowski metrics (A7) takes the form (2.7). This metric
describes the three-dimensional space of constant curvature (K0 = −ǫ).
APPENDIX B: THE CURVATURE TENSOR, THE RICCI TENSOR AND
CURVATURE SCALAR OF V (5)
In order to find the curvature tensor of space V (5) with the metric (2.4) at first we shall
write out derivatives of the variable ζ = ηµνx
µxν :
ζ, µ =
∂ζ
∂xµ
= 2ηµνx
ν = 2xµ , ζ, µν =
∂2ζ
∂xµ∂xµ
= 2ηµν . (B1)
Taking into account these formulae, we obtain the Christoffel symbols for the metric (2.4)
Γ555 =
Vz
V
, Γ55µ =
2Vζ
V
xµ , Γµ55 =
2V Vζ
ψ2
xµ , Γ5µν =
ψψz
V 2
ηµν , (B2)
Γµν5 =
ψz
ψ
δµν , Γ
µ
νρ =
2ψζ
ψ
(δµνxρ + δ
µ
ρxν − ηνρxµ) (B3)
where the indexes “ζ“ and “z” denote the partial derivatives ∂/∂ζ and ∂/∂z, accordingly.
The components of the curvature tensor for the metric (2.4) have the form
(5)Rzµ z ν =
(
ψψzz
V 2
− ψψzVz
V 3
− 4ζψζVζ
ψV
− 2Vζ
V
)
ηµν + 4
(
−Vζζ
V
+
2ψζVζ
ψV
)
xµxν , (B4)
(5)Rµν ρ z = 2
(
ψzζ
ψ
− ψzψζ
ψ2
− ψzVζ
ψV
)(
xµηνρ − xνδµρ
)
, (B5)
(5)Rµν ρσ =
(
4ζψ2ζ
ψ2
+
4ψζ
ψ
− ψ
2
z
V 2
)(
δµσηνρ − δµρηνσ
)
+
+ 4
(
ψζζ
ψ
− 2ψ
2
ζ
ψ2
)(
xµ(xσηνρ − xρηνσ)− xν(xσδµρ − xρδµσ)
)
. (B6)
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Hence we find the components of the Ricci tensor and curvature scalar
(5)Rzz = −4V
2
ψ2
(
ψψzz
V 2
− ψψzVz
V 3
− 2ζψζVζ
ψV
− 2Vζ
V
− ζVζζ
V
)
, (B7)
(5)Rµz = −6
(
ψzζ
ψ
− ψzψζ
ψ2
− ψzVζ
ψV
)
xµ , (B8)
(5)Rµν = 4
(
−2ψζζ
ψ
+
4ψ2ζ
ψ2
− Vζζ
V
+
2ψζVζ
ψV
)
xµxν + (B9)
+
(
ψψzz
V 2
− ψψzVz
V 3
+
3ψ2z
V 2
− 4ζψζζ
ψ
− 4ζψ
2
ζ
ψ2
− 12ψζ
ψ
− 4ζψζVζ
ψV
− 2Vζ
V
)
ηµν ,
(5)R =
4
ψ2
(
2ψψzz
V 2
+
3ψ2z
V 2
− 2ψψzVz
V 3
− 2ζVζζ
V
− 4Vζ
V
− 6ζψζζ
ψ
− 12ψζ
ψ
− 4ζψζVζ
ψV
)
. (B10)
At last we find components of the Einstein tensor
(5)Gzz = −6V
2
ψ2
(
2ζψζζ
ψ
+
4ψζ
ψ
− ψ
2
z
V 2
)
, (B11)
(5)Gµz =
(5)Rµz = −6
(
ψzζ
ψ
− ψzψζ
ψ2
− ψzVζ
ψV
)
xµ , (B12)
(5)Gµν = 4
(
−2ψζζ
ψ
+
4ψ2ζ
ψ2
− Vζζ
V
+
2ψζVζ
ψV
)
xµxν −
−
(
3ψψzz
V 2
+
3ψ2z
V 2
− 3ψψzVz
V 3
− 4ζVζζ
V
− 6Vζ
V
− 8ζψζζ
ψ
+
4ζψ2ζ
ψ2
− 12ψζ
ψ
− 4ζψζVζ
ψV
)
ηµν . (B13)
Further we introduce the induced metric (A3) and projection operator P µν = −hµν =
−ǫuµǫ uǫν + δµν where uµǫP νµ = 0, P νµP ρν = P ρµ . Here ǫ = ζ/| ζ |, ζ = ηµνxµxν = ǫu2ǫ , uµǫ = ηµνuǫν,
and uǫµu
µ
ǫ = ǫ. Using these formulae, we can rewrite components of the curvature tensor
(B4), (B5), and (B6) in (1+1+3)-decomposed form [22]
(5)Rzµ z ν = ǫ
(
ψψzz
V 2
− ψψzVz
V 3
− 4ζVζζ
V
+
4ζψζVζ
ψV
− 2Vζ
V
)
uǫµu
ǫ
ν +
+
(
−ψψzz
V 2
+
ψψzVz
V 3
+
4ζψζVζ
ψV
+
2Vζ
V
)
hµν , (B14)
(5)Rµν ρ z = 2ψ
−1
√
ǫζ
(
ψzζ − ψ−1ψzψζ − ψzV −1Vζ
) (
uǫνh
µ
ρ − uµǫ hνρ
)
, (B15)
(5)Rµν ρ σ =
(
4ζψ2ζ
ψ2
+
4ψζ
ψ
− ψ
2
z
V 2
)(
hµσhνρ − hµρhνσ
)
+ (B16)
+ 4ǫ
(
ζψζζ
ψ
− ζψ
2
ζ
ψ2
+
ψζ
ψ
− ψ
2
z
4V 2
)(
uµǫ (u
ǫ
ρhνσ − uǫσhνρ)− uǫν(uǫρhµσ − uǫσhµρ)
)
.
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Then components of the Einstein tensor (B11), (B12), and (B13) take the form (2.13)-
(2.18). In these relations we use the formulae Aµ = Auu
ǫ
µ , A
µ = ǫAuuµǫ , so that AµA
µ =
AuA
u = ǫψ2(Au)2. In the last expression the index operations are performed by rules
Au = ǫψ
2Au , Au = ǫψ−2Au . (B17)
Further, by virtue of the conservation law (4.10), from (B16) we have
(5)Rµν ρ σ =
G
ζ2ψ2
(
hµσhνρ − hµρhνσ
)
+ (B18)
+ 4ǫ
(
ζψζζ
ψ
− ζψ
2
ζ
ψ2
+
ψζ
ψ
− ψ
2
z
4V 2
)(
uµǫ (u
ǫ
ρhνσ − uǫσhνρ)− uǫν(uǫρhµσ − uǫσhµρ)
)
.
In our case the five-dimensional Einstein equations (2.1), with taking into account (2.15)–
(2.18), can be written as
ζψζζ = −2ψζ , (B19)
Vζ
V
= −2ψζ
ψ
(
ζψζ + ψ
2ζψζ + ψ
)
, (B20)
ζVζζ = −2Vζψ−1 (ζψζ + ψ) . (B21)
Further, for components of the curvature tensor (B14)– (B16) we have (5)Rµν ρ z = 0 and
(5)Rz µ z ν = −2ǫV
(
2ζVζζ − 2ζψ−1ψζVζ + Vζ
)
uǫµu
ǫ
ν + 2V
(
2ζψ−1ψζVζ + Vζ
)
hµν , (B22)
(5)Rµν ρ σ = Gζ
−2 (hµσhνρ − hµρhνσ) +
+4ǫψ
(
ζψζζ + ψζ − ζψ−1ψ2ζ
) (
uǫµ(u
ǫ
ρhνσ − uǫσhνρ)− uǫν(uǫρhµσ − uǫσhµρ)
)
. (B23)
Here G = 4ζ2ψζ (ψ + ζψζ) = const. From here, using (B19) and (B21), we obtained
(5)Rzµ z ν = −2V Vζψ−1 (ψ + 2ζψζ) (3εuµuν + hµν) , (B24)
(5)Rµν ρ σ = 4ψζ(ψ + ζψζ) (hµσhνρ − hµρhνσ+ (B25)
+ǫuσ(uµhνρ − uνhµρ)− ǫuρ(uµhνσ − uνhµσ)) .
Using the conservation law G = const and equations (B19) and (B21), we have
ψζ (ψ + ζψζ) = G/4ζ
2 , Vζ (ψ + 2ζψζ) = −GV /2ψζ2 . (B26)
Therefore, the components of the curvature tensor (B24), (B26) can be rewritten as
(5)Rzµ z ν = GV
2ζ−2ψ−2(3εuµuν + hµν) , (B27)
(5)Rµν ρ σ = Gζ
−2 (hµσhνρ − hµρhνσ + ǫuσ(uµhνρ − uνhµρ)− ǫuρ(uµhνσ − uνhµσ)) . (B28)
Hence we find an invariant of the curvature tensor
I =(5)RABCD
(5)R
ABCD
= 4(5)Rzµ z ν
(5)R
zµ z ν
+(5)Rµν ρ σ
(5)R
µν ρ σ
= 72G2ζ−4ψ−8 (B29)
or, using the explicit form of the metric (5.6), we obtain
I = 72G2ζ−4 (1−G/4ζ)−8 = 72G2 (uǫ − ǫG/4uǫ)−8 . (B30)
It is easy to see that limζ→0 I = 0 , limζ→±∞ I = 0. Thus, on a light cone and infinity
the metric (5.5) is regular. In the case ǫG < 0 the surfaces |ζ | = |u2| = |G|/4 are surfaces
of extreme curvature Imax = 72/G
2 and in the case ǫG > 0 they are surfaces of singular
curvature lim|u2|→ǫG/4 I =∞.
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APPENDIX C: FIVE-DIMENSIONAL VERSION OF THE BIRKHOFF
THEOREM
In terms of differential geometry the metric tensor of manifold V (2) ⊂ V (5): yi = const,
according to (4.13), has the form
g =
ψ2(z, ζ)
4ζ
dζ ⊗ dζ − V 2(z, ζ)dz ⊗ dz . (C1)
The metric tensor determines the scalar product of vectors ~A, ~B and one-forms α, β:
( ~A , ~B) = g( ~A , ~B) , 〈α , β〉 = g−1(α , β). Here
g−1 =
4ζ
ψ2
∂ζ ⊗ ∂ζ − 1
V 2
∂z ⊗ ∂z . (C2)
Let us introduce a new basis of the differential forms {ωL , ωξ} as follows
ωL = i~ξ Ω = −Ω(., ~ξ) , ωξ = g(., ~ξ) (C3)
where Ω = (1/2)ψV (|ζ |)−1/2 dζ ∧ dz is a two-form of volume on V (2) and ~ξ is the Killing
vector (4.14). We have
ωL = −ǫ(L, ζdζ + L, zdz) = −ǫdL , (C4)
ωξ = −ψ
2L, z dζ + 4ζV
2L, ζ dz
2ψV
√
ǫζ
. (C5)
According to the Frobenius theorem [16], [17], we have ωξ = −βdz´ where z´ and β are
some functions {z , ζ}. Using the variables z´ and L as new coordinates, we obtain βγLz´ =
β〈dL, dz´〉 = ǫ〈ωL, ωξ〉 = 0. Then we find
(~ξ)2 = g(~ξ , ~ξ) = −ǫ(∇L)2 = −ǫγLL . (C6)
On the other hand,
(~ξ )2 = g(~ξ , ~ξ) = 〈ωξ, ωξ〉 = β2γ z´z´ . (C7)
Hence we obtain γLL = −ǫβ2γ z´z´. Therefore, we have γz´z´ = −ǫβ2γLL. In coordinates {z´ , L}
the metric tensor (C1) of space V (2) becomes
g = γLL(dL⊗ dL− ǫβ2dz´ ⊗ dz´) , g−1 = γ−1LL(∂L ⊗ ∂L −
ǫ
β2
∂z´ ⊗ ∂z´) . (C8)
Then for the Killing vector (4.14) we find ~ξ = g−1(., ωξ) = ǫβ−1γ−1LL ∂z´ . From (L, L)-
component of the Killing equations for the metric (C8) it follows γLL = γLL(L). Note that
(z, z)-component of the Killing equations are satisfied identically. From (z, L)-component of
the Killing equations the relation ∂(βγLL)/∂L = 0 is obtained. Hence β = f(z´)/γLL where
f(z´) is a certain function of z´. In addition, we can suppose that f(z´) = 1. Thus, in the
coordinates {z´, L} the metric (4.11) takes the form
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(5)ds2 = −ǫγ−1LL dz´2 + γLL(L)dL2 − L2 (3)dΩ
2
ǫ . (C9)
The unknown function γLL can be found from the conservation law (4.15):
γLL = γabL, aL, b = (∇L)2 = ǫ+GL−2 . (C10)
Finally the metric (C9) can be written as [12]
(5)ds2 = −ǫ
(
ǫ+G/L2
)
dz´2 +
(
ǫ+G/L2
)−1
dL2 − L2 (3)dΩ2ǫ . (C11)
Let us now return from the coordinates {z´, L} to the conformal coordinates {z, uǫ} in
which the space-time part of the metric takes the conformally flat form (2.8). As a result of
substituting L = L(u) into (C9), we get
(5)ds2 = − ǫ
γLL
dz´2 + γLL
(
dL
duǫ
)2
du2ǫ − L2 (3)dΩ2ǫ . (C12)
Comparing this metric with the metric (2.8), we conclude that
γLLL
2
uǫ = ǫψ
2 , L = uǫψ , V
2 = ǫ/γLL . (C13)
From here it follows that ±uǫ√ǫγLLdL = Lduǫ. In the case ǫγLL > 0 it has the a solution
in the implicit form
uǫ = C exp
∫
dL (±√ǫγLL/L) . (C14)
Thus, from the metric (C9) we can return to the metric (2.8) wherein all functions do not
depend on a fifth coordinate z this proves the statement.
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